CHARACTERIZATIONS OF THE QUATERNIONIC BERTRAND 
CURVE IN EUCLIDEAN SPACE 
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Abstract. In [18], L. R. Pears proved that Bertrand curves in E"(ra > 3) are 
degenerate curves. This result restate in |16| by Matsuda and Yorozu. They 
proved that there is no special Bertrand curves in E"{n > 3) and they define 
new kind of Bertrand curves called (1, 3)-type Bertrand curves in 4-dimensional 
Euclidean space. 

In this study, we define a quaternionic Bertrand curve q'*^ in Euclidean 
space and investigate its properties for two cases. In the first case; we 
consider quaternionic Bertrand curve in the Euclidean space E"^ for r — K = 
where r is the torsion of the spatial quaternionic curve o, K is the principal 
curvature of the quaternionic curve a^'^K And then, in the other case, we prove 
that there is no quaternionic Bertrand curve in the Euclidean space E"^ for 
r — K ^ 0. So, we give an idea of quaternionic Bertrand curve which we call 
quaternionic (A'^ — B2) Bertrand curve in the Euclidean space E'^ by using 
the similar method in 1161 and we give some characterizations of such curves. 



The general theory of curves in a Euchdean space ( or more generaUy in a Rie- 
mannian Manifolds) have been developed a long time ago and we have a deep knowl- 
edge of its local geometry as well as its global geometry. In the theory of curves in 
Euclidean space, one of the important and interesting problem is characterizations 
of a regular curve. In the solution of the problem, the curvature functions fci (or >c) 
and ^2 (or t) of a regular curve have an effective role. For example: if fci = = 
^2, then the curve is a geodesic or if ki =constant^ and k2 — 0,then the curve 
is a circle with radius (l/Zci), etc. Thus we can determine the shape and size of a 
regular curve by using its curvatures. Another way in the solution of the problem 
is the relationship between the Frenet vectors of the curves (see ^3j). For instance 
Bertrand curves: 



In 1845, Saint Venant{see |19l) proposed the question whether upon the surface 

generated by the principal normal of a curve, a second curve can exist which has 
for its principal normal the principal normal of the given curve. This question 
was answered by Bertrand in 1850 in a paper(see [S]) in which he showed that a 
necessary and sufficient condition for the existence of such a second curve is that a 
linear relationship with constant coefficients shall exist between the first and second 
curvatures of the given original curve. In other word, if we denote first and second 
curvatures of a given curve by ki and fc2 respectively, then for A, /i € M we have 
Xki + /ifc2 = 1. Since the time of Bertrand's paper, pairs of curves of this kind have 
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been called Conjugate Bertrand Curves^ or more commonly Bertrand Curves (see 

m)- 

In 1888, C. Bioche give a new theorem in [5^ to obtaining Bertrand curves by 
using the given two curves Ci and C2 in Euclidean 3— space. Later, in 1960, J. F. 
Burke in |10j give a theorem related with Bioche 's thorem on Bertrand curves. 

The following properties of Bertrand curves are well known: If two curves have 
the same principal normals, (i) corresponding points are a fixed distance apart; 
(ii) the tangents at corresponding points are at a fixed angle. These well known 
properties of Bertrand curves in Euclidean 3-space was extended by L. R. Pears in 
|18| to Riemannian n— space and found general results for Bertrand curves. When 
we apply these general results to Euclidean n-space, it is easily found that cither ^2 
or is zero; in other words, Bertrand curves in E"(n > 3) are degenerate curves. 
This result restate in 16 by Matsuda and Yorozu. They proved that there is no 
special Bertrand curves in E"{n > 3) and they define new kind, which is called 
(1, 3)-type Bertrand curves in 4-dimensional Euclidean space. Bertrand curves and 
their characterizations were studied by many authours in Euclidean space as well 
as in Riemann-Otsuki space, in Minkowski 3- space and Minkowski spacetime (for 
instance see [3 S [3 [H [HI [201 IS] ) ■ 

The quaternion was introduced by Hamilton. His initial attempt to generalize 
the complex numbers by introducing a three-dimensional object failed in the sense 
that the algebra he constructed for these three-dimensional object did not have 
the desired properties. On the 16th October 1843 Hamilton discovered that the 
appropriate generalization is one in which the scalar(real) axis is left unchanged 
whereas the vector(imaginary) axis is supplemented by adding two further vectors 
axes. 

In 1987, The Serret-Frenet formulas for a quaternionic curve in and was 
defined by Bharathi and Nagaraj [11^ and then in 2004, Serret-Frenet formulas for 
quaternionic curves and quaternionic inclined curves have been defined in Semi- 
Euclidean space by (^oken and Tuna in 2004 [T] . 

In 2011 Gok et.al [HllSl defined a new kind of slant helix in Euclidean space E'^ and 
semi-Euclidean space It called quaternionic _B2-slant helix in Euclidean space E'^ 
and semi- real quaternionic _B2-slant helix in semi-Euclidean space respectively. 
In 2011 Gungor and Tosun gived some characterizations of quaternionic rectifying 
curve. 

In this study, we define a quaternionic Bertrand curve a'*) and investigate its 
properties for two cases. In the first case; we consider quaternionic Bertrand curve 
in the Euclidean space E* for r — K = where r is the torsion of the spatial 
quaternionic curve a, K is the principal curvature of the quaternionic curve a^^'. 
And then, in the other case, we prove that there is no quaternionic Bertrand curve 
in the Euclidean space E'^ for r — K ^ Q and fc ^ 0. So, we give an idea of 
quaternionic Bertrand curve which we call quaternionic {N — B2) Bertrand curve 
in the Euclidean space E"^ by using the similar method which is given by Matsuda 
and Yorozu in [16J and we give some characterizations for quaternionic Bertrand 
curves and quaternionic {N — B2) Bertrand curves. Also, we give some examples 
of such curves. 
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2. Preliminaries 

Let Qu denotes a four dimensional vector space over the field H of characteristic 
grater than 2. Let e,; (1 < i < 4)denote a basis for the vector space. Let the rule 
of multiplication on Qh be defined on (1 < i < 4) and extended to the whole of 
the vector space by distributivity as follows: 

A real quaternion is defined with q = aet + be2 + eel + de^ where a, b, e, d are 
ordinary numbers. Such that 

64, = 1, = el = e§ = -1, 

(2.1) eie2 = 63, 6263 = 61,6361 = 62, 
6261 = -63, 6362 = -61, 6163 = -62. 

If we denote Sq = d and = aet + + eef, we can rewrite real quaternions the 
basic algebraic form q = Sq + \^q where Sq is scalar part of q and is vectorial part. 
Using these basic products we can now expand the product of two quaternions to 
give 

(2.2) p X g = SpSq - for every p,q € Qh, 

where we have use the inner and cross products in Euclidean space There 
is a unique involutory antiautomorphisni of the quaternion algebra, denoted by the 
symbol 7 and defined as follows: 

jq = —ail — ^62 — eel + de^ for every q = aet + be2 + eel + de^ G Qh 

which is called the "Hamiltonian conjugation". This defines the symmetric, real 
valued, non- degenerate, bilinear form h are follows: 

Hp, 9) = ^ [ P X 79 + <? X 7P] for p, g e Qh- 
And then, the norm of any q real quaternion denotes 

(2.3) \\q\f = hiq,q) = qxjq. 

The concept of a spatial quaternion will be used of throughout our work, q is 
called a spatial quaternion whenever q + jq — 0. [1] . 

The Serret-Frenet formulae for quaternionic curves in and E^ are follows: 

Theorem 2.1. The three-dimensional Euclidean space E^ is identified with the 
space of spatial quaternions {p € Qh | p + 7P = 0} in an obvious manner. Let 
/ = [0, 1] denotes the unit interval of the real line R. Let 

a : / C M — >Qh 

3 

s — > a{s) — ^^ai(s)ei , 1 < i < 3. 
1=1 

be an arc-lenghted curve with nonzero curvatures {fc, r} and {i(s), n(s), b{s)} 
denotes the Frenet frame of the spatial quaternionic curve a. Then Frenet formulas 
are given by 
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where k is the principal curvature, r is torsion of a . 

Theorem 2.2. The four-dimensional Euclidean spaces i?"* is identified with the 
space of quaternions. Let / = [0, 1] denotes the unit interval of the real line JR. Let 
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1 < i < 4, 'it 



1. 



be a smooth curve in i?4 with nonzero curvatures {-fC, /c, r — A'} and {T(s), N{s), Bi{s), B2 
denotes the Frenet frame of the quaternionic curve a'^). Then Frenet formulas are 
given by 
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where X is the principal curvature, k is the torsion and (r — K) is bitorsion of a 

m- 

Theorem 2.3. If n > 4, then no C°°-special Frenet curve in E" is a Bertrand 
curve \W\ . 

Definition 2.1. Let a (s) and /? (s*) be two spatial quaternionic curves in with 
arc-length parameter s and s*, respectively, {^(s), n{s), b{s)} and {t* {s* ) , n*(s*), b*{s*)} 
denote Frenet frames of a and /3, respectively. Then a is called spatial quaternionic 
Bertrand curve and /3 is called spatial quaternionic Bertrand mate of the curve a 
if n{s) and n*(s*) are linearly dependent. 

Definition 2.2. Let a'*) : / C M ^ E* and : I C M ^ E* be quater- 
nionic curves with arc-length parameter s and s, respectively. Then a^^) jg called 
quaternionic Bertrand curve and /3*-4) is called quaternionic Bertrand mate of the 
curve a '^4) jf principal normal vector fields of the curves a '■■4) and /3^4) ^j-e linearly 
dependent 

3. Characterizations of the Quaternionic Bertrand curve 

In this section, we consider that the bitorsion of the quaternionic Bertrand curve 
is equal to zero in Euclidean space i?^ and we give some characterizations for the 
spatial quaternionic Bertrand curve and quaternionic Bertrand curve in Euclidean 
space and E"^, respectively. 

Theorem 3.1. Let a : / C M -> E^ and ^ : /* C M E^ be spatial quaternionic 
curves with arc-length parameter s and s* , respectively. If {a, /?} is Bertrand curve 
couple, then corresponding points are a fixed distance apart for all s G /. 



Proof. From Definition ( |2.l[ ), we can write 

(3.1) I3{s) = a{s) + X{s)n{s) 

Differentiating the (3.1) with respect to s and by using the Frenet equation, we get 

dp{s*) ds* 



ds* ds 



= {1-X{s)k (s)) t{s) + A' (s) n (s) + A (s) r (s) b (s) 
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If we denote '^'^^^t = t*{s*) 
di 
ds 



ds 

t* i^l = -r. [(1 - ^ (s) («)) + A' is) n{s) + X {s) r (s) b {s) 



/i(r(s*),n*(0) = — 



and 

(1 - A (s) A: (s)) /i {t{s),n* (s*)) + A' (s) h (n(s), n*(s*)) 
+A (s)r(s)/i(6(s),n*(s*)) 

Since {n*{s*),n{s)} is a linearly dependent set, we have 

A' (s) = 

that is, d {a (s) , /3 (s)) = A (s) is constant function on I. This completes the proof. 

□ 

Theorem 3.2. Let a : / C M — > be spatial quaternionic Bertrand curve and 
/3 : / C M ^ E'' be spatial quaternionic Bertrand mate of the curve a. Then, 
the measure of the angle between the tangent vector fields of spatial quaternionic 
curves a and (3 is constant. 

Proof. Let a : / C K — > E^ and /3 : / C M — ;> E^ be spatial quaternionic curves with 
arc-length s and s* , respectively. Let's consider that 

(3.2) hit{s),t*{s*)) =cose 

Differentiating (3.2) with respect to s, wo got 



ds \ ds J \ ds* ds ^ 

( ds* 
= h{k{s)n{s),t*{s*)) + h U{s),k*{s*)n*{s*) — 

= 

Thus, we have 

(3.2) h {t{s), t*{s*)) = constant 

This completes the proof. □ 

Theorem 3.3. Let a : 7 c M — )■ E^ and /3{s) = a (s) + An (s) be spatial quater- 
nionic curves with arc- length parameter s and s*, respectively. Then a is spatial 
quaternionic Bertrand curve if and only if 

Xik + X2r = 1 

where Ai , A2 are constants and k is the principal curvature, r is the torsion of the 
curve a. 

Proof. Let a be spatial quaternionic Bertrand curve. Prom hypothesis, we have 

I3{s)=a (s) + An (s) . 

Differentiating the above equality and by using the Prenet equations, we get 

d'i 

e{s*) = ^[{l-Xk{s))tis) + Xris)b{s)] 

as {n*{s*),n{s)} is a linearly dependent set, we can write 

t*{s*) = coset{s)+ sin eb{s) 
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where 

ds 

(3.3) cos0 = {l-Xk{s)) — 

r/s 

(3.4) sme = Xr{s) — 

From (3.3) and the (3.4), we obtain 

cos 9 1 — Xk (s) 
sin 6 Xr (s) 

If we take c = , we get 

AiA; + A2r = 1 

where Ai = A and A2 = cA 

Conversely, the equation Aifc + A2r = 1 holds. Then it is clearly shown that 
n*{s*),n{s) are linearly dependent. Which completes the proof. □ 

Theorem 3.4. Let a : / C M — >■ and /3 ; / C K — >■ be spatial quatcrnionic 
curves with arc- length parameter s and s* , respectively. If {a, /3} is spatial quater- 
nionic Bertrand curve couple in E^, then the product of the curvature functions 
r (s) and r*(s*) at the corresponding points of the curves a and /3 is constant. 

Proof. Let (3 be spatial quaternionic Bertrand mate of a curve. Then, we can write 

P{s) = a (s) + An (s) 

and from (3.4), we have 

sin 6 = Xr (s) 

^ ' ds* 

Now if we interchange the position of the curves a and /3, we get 

(3.5) a (s) = /3 {s) - Xn* {s*) 
Differentiating (3.5) with respect to s 

da (s) _ d/3 (s*) ds* _ ^dn* ds* 
ds ds* ds ds* ds 

and we get 

(3.6) t(s) = (1 + Xk*)^t* (s*) - Xr* —b* (s*) 

ds ds 

and 

(3.7) t(s) = cos6'i* (s*) +sin6'6* (s*) 
from (3.6) and (3.7), we get 

ds* 

(3.8) cos0 = (1 + Afc*)^ 

ds 

and 

ds* 

(3.9) sin6l = -Ar* — 

ds 

Multiplying both sides of the equation (3.9) by the corresponding sides of the 
equation (3.4) 

sin^ = —X^rr* 
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and we obtain 



rr = = constant. 



Which completes the proof. □ 

Theorem 3.5. Let a^^^ : / C M ^ E"* and ji'^'^^ : I C M ^ E"* be quaternionic 
curves with arc- length parameter s and s, respectively. If {a''^^ /S*^'*-' } is Bertrand 
curve couple, then corresponding points are a fixed distance apart for all s G /. 

Proof. We assume that is a quaternionic Bertrand mate of a^^'. Let the pairs 
of a'^^\s) and /3^'*^(s) be corresponding points of a'-*-' and /3'^^. So, we can write 

/3(4) (s) = a(4' (s) + A(s)7V(s) 

Differentiating the last equality with respect to s and by using the Frenet equations, 
we get 

— ds 

T{s)^°- [(1 - \K is)) T{s) + A' (s) N{s) + X {s) k {s) B, (s)] 
as 

and 

(1 - A (s) K {s)) h {T{s),N{s)) + X'{s) h {N (s) , N{s)) 
+X{s)k{s)h{Bi {s),N{s)) 

as {iV (s) , iV (s)} is a linearly dependent set, we get 

A' (s) = 

that is, d (a*^'*-' (s) , /S^^^ (s)) — A (s) is constant function on /. This completes the 
proof. □ 

Theorem 3.6. Let a*^'*-' : / C M — > E"* be quaternionic Bertrand curve and /Jf-^) : 
/ C M — > E"^ be quaternionic Bertrand mate of the curve a'^^^ . Then, the measure 
of the angle between the tangent vector fields of quaternionic curves a (4) and 
is constant. 



Proof. It can be proved same way as the proof of Theorem (3.2 1 □ 

Theorem 3.7. Let a^**^ : / C M — > E"' be a quaternionic curve whose the torsion is 
non-zero and bitorsion is zero and /S'^^-' (s) — a{s) + XN (s) be spatial quaternionic 
curves with arc-length parameter s and s, respectively.. Then a'-^-* is a quaternionic 
Bertrand curve if and only if 

XK + ^k^l 

where A and fi real constants and K is the principal curvature, k is the torsion of 
the curve a^"*-*. 

Proof. Let /J^*^ be a quaternionic Bertrand mate of a*-^''. Then we can write 

^(4) (s) = a(4) is) + XN{s) 

Differentiating the last equality considering (p : I ^ I, ip (s) — s is a C°° function 
we get 

T [s)) - J [(1 - \K {s)) T(s) + Xk (s) B, (s)] 
If we consider the following equation 

Tip (s) — cos (pT (s) + sin (pBi (s) 
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we get 

(3.11) cos<^ = (1- Aif(s))^, 

ds 

ds 

(3.12) sin(/> = A/c(s) — . 

ds 

Then taking X^?^ = a, we obtain 

\K + iik = l 

Conversely, we assume that a^'^^ : / C M — ^ E'* be a quaternionic curve with 
curvature functions K, k ^ satisfiying the relation XK + /xfc = 1 for constant 
numbers A and /i. Then we can write 

(3.13) p'^^l (s) = a'^^^s) + XN (s) 
Differentiating (3.13) with respect to s and by using the Frenet equation 

d/3W(s) 



ds 

Prom the hypothesis, we have 1 — XK = fik, thus we get 

dp^^\s) 



= {l-XK (s)) T{s) + Xk (s) Bi (s) 
- XK = fik, thus we get 

= k{s) {pT{s) + ABi (s)) 



ds 

and considering the equality = '^^^^''^ i we have 



|fc| + /^ 



If we take , ^ = ^4, we can write 

(3.14) T(s) = ±A(^r(s) + ABi (s)) 

Differentiating (3.14) with respect to s and by using the Frenet equation, we obtain 

ds 

K is) N (s) = ±A— [fxK - Xk] N(s) 
ds 

where = j^^- Thus we have 

K (s) N{s) = ±^A^ [nK - Xk] N{s) 

\k\ 

Thus, we obtain A'' (s) and N{s) are linearly dependent. This completes the proof. 

□ 

Theorem 3.8. Let o;(^) : 7 c M -I- and : 7 c M -5> E^ be quaternionic curves 
with arc-length parameter s and s respectively. If {a^^^ /S^**) } is a quaternionic 
Bertrand curve couple , then the product of curvature functions k{s) and k (s) at 
the corresponding points of the curves a and /3 is constant. 

Proof. Let /^'^^ be a quaternionic Bertrand mate of a^*^. Then we can write 

(s) = a^^^ (s) + XN (s) 

If we interchange the position of curves a^^^ (s) and /J'*^ (s) , we can write 

(3.15) aW(s)=^(*'(s)-AiV(s) 
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Differentiating (3.15) with respect to s and by using the Frenet equation, we have 

Tis) = {l + XK)T'^-Xmf 
as as 

where if we consider 

T(s) = cos (^T (s) + sin (j)R[ (s) 

we have 

ds 

(3.16) cos0 = (1 + Ais:) — , 

ds 

(3.17) sm(j) = -Xk — . 

Multiplying both sides of the equation (3.17) by the corresponding sides of the 
equation (3.12), we obtain 

, ^ sin^ 6 

kk = 7-^5— = constant. 

This completes the proof. □ 

Theorem 3.9. Let a^"*) : / C M ^ E'' and /3(*) : I C M ^ E'' bo quatcrnionic curves 
with arc-length parameter s and s respectively. If {a*^^',/?'"'^} is a quaternionic 
Bertrand curve couple , then there are two constants A and such that 

n{k + ^+\{K + K)=Q 

where the curvatures if, k belong to a*^^^ and the curvatures K, k belong to 

Proof. Assume that ja'^^^ /S^"*) } is quaternionic Bertrand curve couple in E''. If we 
divide the terms of (3.8) by the ones of (3.9), we obtain 

ccg^^(l-AK(.))i 

™* "(»)S 

and if we divide the terms of the equation (3.11) by the ones of the equation (3.12), 
we have 

cos^^_(l + AiOi 

smcj) Afc^ 

assuming ^A = ji, we get 

(3.18) iJ.k + \K = l 
and 

(3.19) ijk + \K = -l 
are obtained. Prom (3.18) and (3.19) 

^l{k + ^+\{K + K)=Q 
is obtained. This completes the proof. □ 

Theorem 3.10. Let : 7 C K ^ E'' be a quaternionic curve whose bi torsion 
r{s) — K{s) is equal to zero and a : / C M — E^ be a spatial quaternionic curve 
associated with a^'^^ quaternionic curve. Then a is spatial quaternionic Bertrand 
curve if and only if a^*) is a quaternionic Bertrand curve. 
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Proof. We assume that a : / C M ^ E'Ms a spatial quaternionic Bertrand curve 
and /3 is a spatial quaternionic Bcrtrancl mate of a quaternionic curve. Then there 
are A, fj, are real constants such that the curvatures of a k{s) and r(s) satisfy 

Afc(s) + /ir(s) = 1 

where A is a distance between the corresponding points of quaternionic Bertrand 
curves a and (3. Since the bitorsion of the quaternionic curve a^^^(s) vanishes, we 
can write 

fj,K{s) + Xk{s) = 1 

Thus, a^'^\s) is a quaternionic Bertrand curve. It is clearly shown that if a^^^ is 
quaternionic Bertrand curve, then a is a spatial quaternionic Bertrand curve. □ 

Now, we will confirm the above theorem and for the first time, give an example 
of quaternionic Bertrand curves a^*^ and (3^^^ in E"^ and their associated spatial 
quaternionic curves a, j3 in 

Example 3.1. We consider a quaternionic curve a^'*^ in defined by q*^'') : / C 

(A)( \ ( S . S S S 

>{s) = cos ^,sin —=, —= 

for all s € I. The curve a'^'*^ is a regular curve and s is the arc-length parameter of 
a^^) and its curvature functions are as follows 

K=^, k=^, r-K = 

For A = 2-\/2 and /x = — 1, the curvatures of a^'^^ curve satisfy the relation ijlK[s) + 
Xk{s) = 1. So, a^^^s) is a quaternionic Bertrand curve and we can write its quater- 
nionic Bertrand mate j3^'^^ as follows 



/3(4) (s) = ^2 cos , 2 sin — , 



s s s 
V3' 73' 73 



Spatial quaternionic curve a in E^ associated with quaternionic curve a^'^^ in E^ 
is given by 

, . / s . s s . s s \ 

a(s) = ^^,sin —- + cos ^,sin —- — cos —pz 
V\/3 \/3 y/3 sfl) 

where s is the arc-length parameter of a and its curvature functions are as follows 

, \/2 1 
3 ' 3 

For A = 2\/2 and /i = —1, the curvatures of a curve satisfy the relation Afc(s) + 
/Lir(s) = 1 So, a(s) is a spatial quaternionic Bertrand curve and we can write its 
spatial quaternionic Bertrand mate /3 as follows 

n , . { s . s s . s s 

Bis) = —;=, — sm —pz — cos —;=, — sm —pz + cos —pz 
V\/3 y/3 VS V3 
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4. Characterizations of the Quaternionic {N,B2) Bertrand curve in 

Euclidean space E"^ 

In this section, we consider that the bitorsion of the quaternionic curve is not 
equal to zero in EucUdean space E'^. Then the definition of {N,B2) Quaternionic 
Bertrand curve and some characterizations will be given in Euclidean space E'^. 

Firstly, we prove that there is no quaternionic Bertrand curve in if its torsion 
and bitorsion are not equal to zero. 

Theorem 4.1. li r — K and k (s) ^ 0, then no quaternionic curve in is a 

Bertrand curve. 

Proof. Let a'-^-' : / C M — >■ E** be quaternionic Bertrand curve in E* and /3(4) : / C 
M — )■ E* be a quaternionic Bertrand mate of a^^^ with arc-length parameter s ands, 
respectively. We assume that is distinct from a^'^\ Let the pairs of o.^^''{s) and 
/3(4)(s) = /3(4)(<^(s)) (where <^ : / ^ /,s = (p{s) is a regular C°° —function) be of 
corresponding points of a^^^ and P^^^ . Then we can write, 

(4.1) p^'^^s)=a^^^{s) + X{s)N{s) 

where A is a C°°-function on I. Differentiating (4.1) with respect to s and by 
using Frenet formulas given in the (2.5), we get 

(4.2) if' (s) T {if (s)) = {l-X{s)K (s)) T (s) + A' (s) iV (s) + A (s) k (s) Bi (s) . 

Since h {T {ip {s)) ,N {ip (s))) = and N{ip{s)) = ±N (s) , wc obtain that 
A' (s) = , that is, A(s) is a non-zero constant. In this case, we can rewrite 
equation (4.1) as follows 

(4.3) ^W(s) =a(s) + AAr(s), 
and we have 

(4.4) if' (s) T {if (s)) = {1-XK (s)) T (s) + Xk (s) B, (s) , 
By using the equation (4.4), we get. 

If we denote 

(4.6) «M 

ip' (s) if' (s) 

we get, 

(4.7) T {if (s)) = a{s)T (s) + b (s) B, (s) . 

Differentiating (4.7) with respect to s and by using Frenet formulas given by 

(2.5) , we have 

. . ^'{s)K{ip{s))N{^{s))= a'{s)T{s) + [a{s)K{s)-b{s)k{s)]N{s) 
^ ' +b'{s)Bi{s) + b{s) ((r - K) (s)) ^2(5). 

Since N [ip (s)) = ±N{s) for all s G I, we obtain 

b{s)i{r-K) {s)) = 0. 
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Since {r — K) (s) ^ 0, we have b{s) ~ 0. From (4.6), we get ^jjj = 0. Since 

k{s) 7^ 0,we obtain that A = 0. Therefore, (4.1) imphes that /J^'*-' coincides with 
a^^K This is a contradiction with our assumption. This completes the proof. □ 

Now, we give the definition of {N — B2) quaternionic Bertrand curves in Eu- 
chdean space E'^ and we give some characterizations of such curves. In the first 
Theorem, we consider the similar method which is given by Matsuda and Yorozu 
in [in] . So the proof of this theorem will be given like in [H] . 

Definition 4.1. Let a^^) : / C M ^ E'' and /S^^' : T C M -> be a quaternionic 
curves and : / — /, s = ^p{s) is a regular C°°— function such that each point 
a^^^(s) of a*^^^ corresponds to the point /^(^^(s) of /S*^'*-' for all s S /. If the Frenct 
(N — B2) normal plane at each point a^^\s) of a*^"'-' coincides with the Frenet 
(^N — B2) normal plane at corresponding point /3*^^^(s) of /3^^^ for all s € / then a'^-* 
is a quaternionic {N — B2) Bertrand curve in E^ and /3^^^ is called a quaternionic 
{N — B2) Bertrand mate of a*^"*). 

Theorem 4.2. Let a'*-* : / C M E'' be a quaternionic curve with curvatures 
functions K, k, r — K and a : / C M — >■ E^ be a spatial quaternionic curve associated 
with a'--^^ quaternionic curve in E^ with the curvatures k and r. Then a'^^ is a 
quaternionic [N — B2) Bertrand curve if and only if there exist constant real 
numbers A 7^ 0, /i 7^ 0, 7, (5 satifying 



(4.9-i) Xk{s)~ ^{r^K){s)^Q, 

(4.9-ii) 7 [Afc(s) - pL{r-K) (s)] + \K{s) = 1, 

(4.9-iii) 7if (s) - k{s) = 5{r - K) (s) 

(4.9-iv) (7^ - 1) K{s)k{s) + 7 {2r (s) K (s) - k^is) - r^{s)] 7^ 0, 



for all s £ I . 

Proof. Let a''*^ be a quaternionic {N — B2) Bertrand curve with arc-lenght param- 
eter s and /3^'') be a quaternionic (iV — i32)-Bcrtrand mate of a^"*^ with arc-lenght 
parameter s. Then we have 

(4.10) (s) = ((^ (s)) = a(4)(s) -I- \{s)N{s) + ii{s)B2{s) 

for all s G I, where A(s) and /i(s) are C°°— functions on /. Differentiating (4.10) 
with respect to s and by using the Frenet equations, we have 

. . r(^(s))^'(s)= [l-X{s)K{s)]T{s) + X'{s)N{s) 

^ ' + [A(5)fc(s) - /i(s)(r - K)is)] Si(s) + ^i'{s)B2{s) 

for all s e I. 

Since Span {N{ip (s)), B2{'f {s))} = Span {N{s), B2{s)} we can write 

(4.12) N{ip (s)) = m{s)N{s) + n{s)B2{s), 

(4.13) B2{ip (s)) = pis)N{s) + qis)B2{s) 

and by using (4.12) and (4.13) then we have 

g(Ni^ {s)),T_{^ (s)) ip' (,s)) = A' (s)m(s) + ^i' (s)n(s) = 0, 
g{B2i^is)),T{ipis))^' is)) = A'(s)p(s) +/x'(s)g(s) = 0, 



where 
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is non-zero because {N{(p (s)), B2{'fi (s))} vector fields must 



m(s) n{s) 
p{s) q{s) 
be linear independet. So, we have 



A'(s) = 0, n\s) = 

that is, A and fi are constant functions on /. 

So, we can rewrite (4.10) and (4.11) for all s G I, respectively as 



(4.14) 
and 
(4.15) 
where 
(4.16) 



T ((^ is)) ^' (s) = [1 - XK{s)] T{s) + [Xk{s) - n{r - K){s)] B,{s). 



(s))' = [1 - XK{s)f + [Xk{s) - M(r - K){s)f + 



for all s e /, if we denote 

'1 - XK{s) 



(4.17) 



a(s) 



(s) 



6(.) = 



AA:(s)-^(r-Js:)(s) 
(s) 



it easy to obtain 
(4.18) 



T(^(,s)) = a(s)T(s) + 6(s)Bi(s) 



where a(s) and his) are C°°-functions on /. If we differentiate the last equation 
(4.18) with respect to s, we obtain 



(4.19) 



K {if (s)) N {ip (s)) (p' (s) = a' (s)T(s) + [a{s)K{s) - b{s)k{s)] N{s) 
+&'(s)Si(s) + b{s){r - K){s)B2is) 



Since N{(p{s)) S Span {7V(s), S2(s)} it holds that 

a'{s) ^ 0, b'{s) = 0, 
that is, a and 5 are constant functions on /. So, we can rewrite (4.11) 

(4.20) K {if (s)) N {if (s)) ip' (s) = [aK{s) - bk{s)] N{s) + b{r-K) (5)^2(5). 
By using (4.17) we can easily show that 

(4.21) 6 (1 - XK{s)) = a {Xk{s) - ^i{r - K){s)) , 

where b must be a non-zero constant. If we take 6 = 0, from (4.19) we get 

K (ip (s)) N ip is)) ip' is) = aKis)Nis), 

thus we obtain N iip (s)) = ±A^ (s) for all s G I. This is a contradiction according 
to the Theorem (4.1) . Thus we must consider only the case of 6 7^ 0, and then it 
can easily see that 

Xkis) - fiir - K)is) ^ 
for all s E I. Thus we prove (4.9-i). 

If we denote the constant 7 by 7 = — and by using (4.21) we have 

7 (Afc(s) - ^(r - K)is)) + XKis) = 1. 
for all s G I. Thus we prove (4.9-ii). 
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From (4.20), wc have 

h{K (s)) N {ip {s)) (s) , K (s)) TV (s)) ^' (s)) = [ai^ - bk{s)f 

+ Hr-K) {s)f 

and then 

(4.22) {K (^ (s)) if' {s)f = [aK{s) - hk{s)f + [h{r - K) {s)f ^ 
From (4.17), wc obtain 

{K{ip {s)) {8)f = {Xk{s) - n{r - K){s)f [{jK{s) - k{s)f + (r - Kf] ((^' (s))"' 
for all s G I. From (4.9-ii) and (4.16) we can easily show that 
(s))' = (Afc(s) - M(r - K){s)f [7^ + l] . 

and then 

(4.23) {K(^(s))ip'is)}^ = ^^[ijKis)-k{s)f + {r-Kf' 

Since K {ip (s)) (/?' (s) 5^ by using (4.20) we have 

(4.24) N {if (s)) = m{s)N{s) + n{s)B2{s) 
where 

, , aii:(s) - bkis) , , 6(s)(r- iT) 
m(s) = =- — -— — --\ , n(s) = 



K{ip{s))p^{s) i^(^(s))(/p'(s) 
or we can write from (4.17) and (4.9-ii) 

™C„\ = (Afc(s)-M_(r-A:)(s))(7g(6)-fc(s)) >, 

M ot^^ ^ -'f(v(s))(¥''(s))^ I 

for all s G I. 

If we differentiate (4.24) with respect to s, we obtain, 



(4.26) 



^' (s) <; ^^"P ^d^-T K = [-K{s)m (s)] T{s) + m'{s)N{s) 



+k{<f{s))B^ (^(s)) 



+ [m (s) k{s) - n(s)(r - iC)(s)] Bi{s) 
+n'(s)B2(s), 



for all s e /. From (4.26), it holds 

(4.27) m'(s) = , n'(s) = 0, 

that is, m{s) and n{s) are constant functions on I. Then we can easily show that 
by using (4.25) 

m aK{s) — bk{s) 
n ^ b{r-K){s) ' 
if we denote — = S, it is obvious that 

7ii'(s)-fc(s) = (5(r-ii')(s). 

Thus we prove (4.9-iii). 
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From (4.15) and (4.26) wc have 

^' is) k (^ (s)) B, (^ (s)) = K{^{s))T (s)) ^' (s) - K{s)mT{s) 
+ [mk{s) - n{r - K){s)] Bi{s) 

{A{s)ns) + B{s)B,{s)} 



Ki<p{s)){^' {s)y 



^' (s) k {if (s)) B, (^ (s)) - [K (^ (s)) (1 - XKis)) - K{s)m] T(,s) 

+ [K {tp (s)) {Xk{s) -ii{r-K) (s)) + mk{s) -n{r-K) (s)] Si 

where 



(4.28) 

Ms) 

and 
(4.29) 

B{s) = 



{Xk{s)- ii{r-K) (s)) r (7' - 1) K{s)k{s) 

(72 + 1) [ +7 {i^^ {s) - e (s) - (r - i^)^ (s) } 



7^ + 1 



(Afc(s)-M(r-K) (s)) 



(7^ - 1) K{s)k{s) 
+^[K\s)-k\s)-{T-Kf{s)] 



Since t^' (s) fc ((^ (s)) Bi ((^ (s)) ^0 for G I , we have 

(72 - 1) K{s)k{s) + 7 {/<:2(s) - k\s) - (r - iiT)' (s)} ^ 

for all s G I. Thus we prove (4.9-iv). 

Conversely, let a^^^ : / C M — > be a quaternionic curve with curvatures K, k 
(r — K) satisfying the equations (4.9-i), (4.9-ii), (4.9-iii), (4.9-iv) for constant 
numbers A, fi, 6, 7 and be a quatcrnionic curve such as 
(4.30) /3(4)(s) = ^ ^^(^^ ^ ^^^(^^ 

for all s € /. Differentiating (4.30) with respect to s we have 

^^^^ = (1 - XK{s)) T (s) + {Xkis) -„{r-K) (.)) B,{s), 
thus, by using (4.9-ii), we obtain 

= {Xk{s) -tx{r-K) {s)) (7T is) + B,{s)) 



for all s e /. Also we get 
(4.31) '^'"'^^'^ 



ds 



:^(Afc(s)-M(r-K) (s)) 7(^^+1) 



where ^ = ±1. Then we can write 



{t) 

dt 



dt 



(Vs e /) 



s = ^(s) = j 


where <^ : / ^ / is a regular C°° —function, and we obtain 

^' is) = ^ {Xk{s) -ii{r-K) [s)) ^/W+^), 
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for all s e /. If we differentiate (4.30) with respect to s, we have 

^, ^ ^^^^^^ -n{r-K) {s)) {jT{s) + B,{s)} 

or 

(4.32) T(^(s)) = e (7' + 1)"^ (7^(5) + Bi(s)) 

for all s G I. Differentiating (4.32) with respect to s we have 



ds 



: ^ (7' + 1) ' {{-yKis) - k{s)) N {s) + {r-K) (s) B2 (s)} 



and 
(4.33) 



ds 



for all s € I. Prom the Prenet equations for the curve we have ^'^S:'^'' 

Then we can write 

1 dT{ip{s)) 



K{ip{s)) ds 

^ {{jK{s) - k{s)) N {s) + {r-K) (s) (s)} 



for all s G I. If we denote 
m(s) = 



and 



n{s) 



^{jK{s)-k{s)f + {r 


-Kf{s) 


ijKis) - k{s)) 




^^{^K{s)-k{s)f + {r- 


-Kf{s) 


(r - K) (,s) 




^J{jK{s)-k{s)f + {r- 


Kf{s) 



we have 

(4.34) N{<{>{s)) = m{s)N (s) + n{s)B^ (s) . 

and we can easily show that m(s) and n{s) are constant functions. So differentiating 
(4.34) with respect to s and by using the Prenet equations, we have 

N{^{s))^ 



ds 



V (s) = tnN' (s) + nB^ [s) 

= m {K{s)T{s) + k{s)Bi (s)) -n{r-K) (s)Bi (s) 
= -mK{s)T{s) + {mk{s) -n{r-K) (s)} B^ (s) 



or 

(4.35) 



N{tp{s)) _ ~K{s) {"/K{s) - k{s)) 

^' is) ^^hK{s)-k{s)f + {r-Kf is) 

k{s) {-fK{s) - k{s)) - (r - Kf (s) 
^' (s) ^^{7K{s)-k{s)f + {r-Kf{s) 



+ 



T{s) 
Bi is) . 
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for all s E I. Also, by using (4.32) and (4.33) we can write 

(4.36) K{^{s))T{^{s)) 

= hKis)-H.s)fHr-Kfis) (^^^^^ ^ ^^^^^^ 

(s) (7^ + 1) V - Hs)f + {r- Kf {s) 

And, then from the Frenet equations for the curve j3 and (4.36), respectively we 
have 



ds 

ds 



+ K{,p{s))T{,p{s)) = k{^{s))B,{,fi{s)), 



R{sy 



R{s) 



where we can easily show 
P{s) = - 



(7^ - 1) if (,s)fc(,s) 
+^ [K^is) - Pis) - {r - Kf {s)] 

r (72 - 1) K{s)k{s) 



R{s) = ^^'{s) (7' + 1) ^J{^K{s) - k{s)y + (r - Kf {s) ^ 0. 
Thus we obtain 



ds 



+ K{^{s))T{^{s)) 



= \\kiip{s))B,{ip{s))\\ 
R{s) 



and then 



R(s) 



Morever, by using Frenet equations for the curve we can define unit vector 
fields Bi{lp{s)), B2{f{s)), respectively. 

1 [ dNj^is)) 



(4.37) 
Also, 
(4.38) 



(f-K) (ipis)) 
for all s G /. By using (4.38), 



k{(fi{s)) V ds 

dB^i^is)) 



ds 



+ K{cp{s))T{^{s)) 



+ k{^{s))N{<fi{s)) 



^^(^(^))=(.-F) (,(.)) 



ds 



+ k{<p{s))N{,p{s)) 



Using the Frenet vectors T, N, Bi and B2 we can easily see that 

h{T,T) ^h(N,N) ^h(Bi,Bi) ^h(B2,B2) =1, 

and 

h [T, N)=h (T, Bi) = h (T, B2) = h (N, Bi) = h (N, B2) = h (Si, Sa) = 0, 



18 



iSMAiL gok'^' and ferdag kahraman aksoyak'^' 



for all s G / where {T, N , Bi, B2} is Frenet frame along quaternionic curve (3'^ 
in E^. And it is fact that Span{N,B2} = Span{N,B2} where {N - B2) normal 
plane of a'^''^ and {^N — B2) normal plane of (3^. Consequently, a is a quaternionic 
(TV — B2) Bertrand curve in E"'. Which completes the proof. □ 

Theorem 4.3. Let a*-^^ : / C M — >■ E^ be a quaternionic (TV — B2) Bertrand curve 
and be a quaternionic (TV — B2) Bertrand mate of a'^' and if : I ^ I ,s = ip{s) 
is a regular C^— function such that each point a^^'^(s) of a^^^ corresponds to the 
point /3^^^(s) = P''^\(p{s)) of /J*^**) for all s £ I. Then the distance between the 
points a(*)(s) and P'^^^s) is constant for all s G I. 

Proof. Let a^^-* : J C K — >■ E^ be quaternionic (TV — i32)-Bertrand curve in E^ and 

/Jf'^) : 7 C M ^ E" be a quaternionic (TV - B2)-Bertrand mate of a^^l We assume 
that /3^^^ is distinct from a'-'^\ Let the pairs of q:('')(.s) and /3*^'*^(s) = (3^^'' {(p{s)) 
(where (p : I ^ I,s = (p{s) is a regular C°°— function) be of corresponding points 
of a^^^ and /S^^^. Then we can write, 

(s) = /3W (^ (s)) = aW(s) + ATV(s) + ^,B2{s) 

where A and /x are non-zero constants. Thus, we can write 

(s) - a(4)(s) = ATV(s) + fiB2{s) 

and 



p^'^ (^) 



v(4) 



(^) 



□ 



Since, d (a^'*^ (s) , (s)) =constant. This completes the proof. 

Corollary 4.1. Let a^^-* : / C M E^ be a quaternionic (TV — J52)-Bertrand curve 
with curvatures functions K{s), fc(s), (r — K) (s) and (3^'^^ a quaternionic (TV — B2)- 
Bertrand mate of a^"^^ with curvatures functions K{ip{s)), k{(p{s)), (f— K) (v(s)). 
Then the relations between these curvatures functions are 



K(^(s)) = VMMIEf^^M^^ 



\j{K^(s)-k^{s)-{r-Kf) + {j^-l)Kk\ 
'P'{s)y/{^^Wi'rK{s)-k{s))^ + (r-Kr{s) ' 



(f-K) {cp{s)) 



V'{sW{iK{s)-k{s)f + {r-Kfis) ' 

Proof. It is obvious the proof of Theorem (4.2). □ 

Now, we give an example of quaternionic (TV — i32)-Bertrand curve couple a^^^ 
and S*^^' in and their associated spatial curves a, (3 in E^ 

Example 4.1. Let consider a quaternionic curve a*-^-* in E^ defined by a*-'*-' : / C 
K^- E^; 

/ cosf-^s^ \ 



QUATERNIONIC BERTRAND CURVE IN EUCLIDEAN SPACE 



19 



for all s G /. The curve is a regular curve and s is the arc-length parameter 
of a*-'*'' and its curvature functions are as follows 

17 . 6 _ 10 



K 



5VT7' 



5V17 



K 



5V17 



For A = 5vT7, n = — SvTZ, 7 = —1, S — — f|, the curvatures of quaternionic 
curve a*^'*^ satisfy the relations (4.9-i), (4.9-ii), (4.9-iii), (4.9-iv). Thus a^''^ is a 
quaternionic (N — i32)-Bertrand curve and we can write its quaternionic (N — B2)- 
Bertrand mate curve Z?'^^^ as follows: 

\ 




where s = (/? (s) = lQ\/2s. Also a and (3 spatial quaternionic curves associated with 
a^^-* and /S*-^-* quaternionic curves in E'^ respectively are given by 



a{s) 



1 



and 



(5) 



3^/T7 V\/5 
16 / 19 



s, 2 cos 



s, — cos 



3 



, 2 sin 



%/5' 



/37 V16V10 V16V10 / V16V10 

The picture of the some projections of the quaternionic {N — i?2)-Bertrand curve 
a'-'*) and the picture of its associated spatial curves a are rendered Figure 1. 




o.r V7\(.» 




Figure 1. Some projection of the quaternionic {N — B2)- 
Bertrand curve a*-'*'' and the picture of its associated spatial curves 
a 
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Definition 4.2. Let a'^-' and be quaternionic curves and we denote Frenet 
frames of a'-*' and be {T,N,Bi,B2} and {T,N,~B^,R^}, respectively. If the 
angle between the tangent vectors to a*-*-* and /3^^^ at the corresponding points is 
constant, then the couple (a'^^ is called quaternionic inclined curve couple. 

Theorem 4.4. Let a'**^ : / C M Ef be a quaternionic (N — i32)-Bertrand 
curve and ^(4) be {N - B2)-Bertrand mate of a^. If {a'-'^\ (3'^^^) is a quaternionic 
(N — i?2)-Bertrand curve couple, then (a^^-*, /3^^') is a quaternionic inclined curve 
couple. 

Proof. We assume that a*-^' : / C M — )■ E'* be a quaternionic (N — i32)-Bertrand 
curve and /?'■'*•' : J C M ^ E^ be quaternionic (TV — B2)- Bertrand mate of a^'^\ 
Then we can write 

/3(4)(s) ^ a(4) + XN{s) + nB2{s) 
for all s ^ I. From (4.10), we have 

T{ip{s))^a{s)Tis) + b{s)Bi{s) 

where a{s) = ^'-^r^y^, H^) — . In this case, we can easily show that 

h{T{^{s)),T{s)) ^a{s). 

Differentiating (4.10) with respect to s and using the Frenet equations, we obtain 

K {if (s)) N {(f (s)) (f' (s) = a' (s)T(s) + [a{s)K{s) - b{s)k{s)] N{s) 
+b'{s)Bi{s) + 6(s)(r - K){s)B2is) 

Since N {(p (s)) is expressed by linear combination of N{s) and B2{s), it holds that 

a'{s) ^ 0, b'{s) = 0, 

that is, a and b are constant functions on /. So, (a'-^-', Z?*-^-*) is a quaternionic 
inclined curve couple. This complete the proof. □ 

In the following definitions and corollaries were obtained using the notes in [53] 

Definition 4.3. Let a^"*^ and (3^'^'> be quaternionic curves and we denote Frenet 
frames of a^'') and /3W be {T,N,Bi,B2} and {T,N,l3^,lh}, respectively. If the 
angle between the normal vectors to a'-'*' and at the corresponding points is 
constant, then the couple (a'^^ Z?'**^) is called quaternionic slant curve couple. 

Corollary 4.2. Let a^"*' : / C M ^ Ef be a quaternionic (N ~ B2)-Bertrand 
curve and be {N - B2)-Bertrand mate of a^. If {a'-^\ (3'^^^) is a quaternionic 
(A^ — i?2)-Bertrand curve couple, then (a^'^^ /S^**)) is a quaternionic slant curve 
couple. 

Proof. It is obvious using the similar method of the above proof. □ 

Definition 4.4. Let a^"*) and be quaternionic curves and we denote Frenet 
frames of a^'') and be {T,N,Bi,B2} and {T, TV, 5^,1?^}, respectively. If the 
angle between the first binormal vectors to a'-^-' and Z?*-*-* at the corresponding points 
is constant, then the couple (a'*-', /S^'*-') is called quaternionic Bi slant curve couple. 

Corollary 4.3. Let a^"*' : / C M ^ Ef be a quaternionic (N - B2)-Bertrand 
curve and /S^^^ be {N — i32)-Bertrand mate of a^^-*. If (a^^-*, is a quaternionic 
(TV — i?2)-Bertrand curve couple, then (a^*\/3^'*^) is a quaternionic Bi slant curve 
couple. 
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Proof. It is obvious using the similar method of the above proof. □ 

Definition 4.5. Let a^^^ and 13^^^ be quaternionic curves and we denote Frenet 
frames of a^^) and be {T,N, 8^,62} and {T,N,Bl,B^}, respectively. If the 
angle between the second binormal vectors to a*^^^ and (3^'^^ at the corresponding 
points is constant, then the couple [a^^\(3^^^) is called quaternionic B2 slant curve 
couple. 

Corollary 4.4. Let a*^'*-' : / C M — >■ Ef be a quaternionic {N — i?2)-Bertrand 
curve and be (A'' — B2)-Bertrand mate of a^^\ If (a^^),^^^^) is a quaternionic 
{N — B2)-Bertrand curve couple, then, [a^'^\P^^^) is a quaternionic B2 slant curve 
couple. 

Proof. It is obvious using the similar method of the above proof. □ 
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